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2. Hyperbolic Functions

2.1. Definition Hyperbolic Functions

Definition 2.1: [Hyperbolic Functions]
The hyperbolic sine, hyperbolic cosine, hyperbolic tangent, hyperbolic secant,
hyperbolic cotangent, and hyperbolic cosecant are denoted by sinhx, coshx, tanhx,
sechx, cothx, and cschx respectfully and are defined to be

1. sinhx =
ex − e−x

2
2. coshx =

ex + e−x

2

3. tanhx =
sinhx

coshx
=

ex − e−x

ex + e−x
4. cschx =

1

sinhx
=

2

ex − e−x
, x �= 0

5. sechx =
1

coshx
=

2

ex + e−x
6. cothx =

1

tanhx
=

coshx

sinhx
=

ex + e−x

ex − e−x
, x �= 0
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The Figures below show the graphs of hyperbolic functions:
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Hyperbolic Identities

1. sinh(−x) = − sinhx 2. cosh(−x) = coshx

3. cosh2 x− sinh2 x = 1 4. cosh(x± y) = coshx cosh y ± sinhx sinh y

5. sinh(x± y) = sinhx cosh y ± coshx sinh y 6.1− tanh2 x = sech2x

Example 1. Prove cosh2 x− sinh2 x = 1 and 1− tanh2 x = sech2x

Solution: Note coshx+ sinhx =
ex + e−x

2
+

ex − e−x

2
= ex.

Similarly, coshx− sinhx =
ex + e−x

2
− ex − e−x

2
= e−x.

Hence cosh2 x− sinh2 x = (coshx+ sinhx)(coshx− sinhx) = ex · e−x = 1.

we have cosh2 x− sinh2 x = 1 divide both side by cosh2 x we get 1− sinh2 x

cosh2 x
=

1

cosh2 x
and

hence 1− tanh2 x = sech2x �
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Hyperbolic Identities

Note 1: To compute the following limits you need to know the following lim
x→∞ ex = ∞ =

lim
x→−∞ e−x and lim

x→−∞ ex = 0 = lim
x→∞ e−x

1. lim
x→∞ tanhx = lim

x→∞
sinhx

coshx
= lim

x→∞
ex − e−x

ex + e−x
= lim

x→∞
ex − e−x

ex + e−x

e−x

e−x
= lim

x→∞
1− e−2x

1 + e−2x
= 1

2. lim
x→−∞ tanhx = lim

x→−∞
sinhx

coshx
= lim

x→−∞
ex − e−x

ex + e−x
= lim

x→−∞
ex − e−x

ex + e−x

ex

ex
= lim

x→−∞
e2x − 1

e2x − 1
= −1

3. lim
x→∞ sinhx = lim

x→∞
ex − e−x

2
=

1

2
[ lim
x→∞ ex − lim

x→∞ e−x] = ∞

4. lim
x→−∞ sinhx = lim

x→−∞
ex − e−x

2
=

1

2
[ lim
x→−∞ ex − lim

x→−∞ e−x] = −∞

5. lim
x→∞ sechx = lim

x→∞
2

ex + e−x
=

2

lim
x→∞ ex + lim

x→∞ e−x
= 0

6. lim
x→−∞ sechx = lim

x→−∞
2

ex + e−x
=

2

lim
x→−∞ ex + lim

x→−∞ e−x
= 0

You should be able to do the others.
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Derivative of Hyperbolic Functions

1.
d

dx
[sinh (f(x))] = f ′(x) cosh (f(x)) 2.

d

dx
[sech(f(x))] = −f ′(x)sech(f(x)) tanh (f(x))

3.
d

dx
[cosh (f(x))] = f ′(x) sinh (f(x)) 4.

d

dx
[csch(f(x))] = −f ′(x)csch(f(x)) coth (f(x))

5.
d

dx
[tanh (f(x))] = f ′(x)sech2(f(x)) 6.

d

dx
[coth (f(x))] = −f ′(x)csch2(f(x)).

Example 2. Find
d

dx

(
cosh (

√
x)
)
and f ′ for f(x) = ex sinhx

Solution:
d

dx

(
cosh (

√
x)
)
= sinh (

√
x)

d

dx

(√
x
)
= sinh (

√
x)

1

2
√
x
=

sinh (
√
x)

2
√
x

f ′(x) = ex sinhx+ ex coshx = ex
ex − e−x

2
+ ex

ex − e−x

2
=

e2x − 1 + e2x + 1

2
= e2x

Another solution is f(x) = ex sinhx = ex
ex − e−x

2
=

e2x − 1

2
and hence f ′(x) =

2e2x

2
= e2x

�
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Inverse of Hyperbolic Functions

It is evident that the graphs of sinhx, tanhx, cothx and cschx pass the horizontal line test,
but the graphs of coshx and sechx do not. In the latter cases restricting to be x ≥ 0 makes
the functions invertible.

y = sinh−1 x, ∀x ∈ R ⇔ sinh y = x, ∀y ∈ R

y = cosh−1 x, ∀x ∈ R ⇔ cosh y = x, ∀y ≥ 0

y = tanh−1 x, ∀x ∈ (−1, 1) ⇔ tanh y = x, ∀y ∈ R

y = coth−1 x, ∀|x| > 1 ⇔ coth y = x, ∀y �= 0

y = csch−1x, ∀x �= 0 ⇔ cschy = x, ∀y �= 0

y = sech−1x, ∀x ∈ (0, 1] ⇔ sechy = x, ∀y ≥ 0
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Since the hyperbolic functions are defined in terms of exponential functions, it is not sur-
prising to find that the inverse hyperbolic functions can be written in terms of logarithmic
functions, as seen below

Function Domain Range

sinh−1 x
?
= ln(x+

√
x2 + 1 ) (−∞,∞) (−∞,∞)

cosh−1 x
?
= ln(x+

√
x2 − 1 ) [1,∞) [0,∞)

tanh−1 x
?
=

1

2
ln

(
1 + x

1− x

)
(−1, 1) (−∞,∞)

coth−1 x
?
=

1

2
ln

(
x+ 1

x− 1

)
(−∞,−1) ∪ (1,∞) (−∞, 0) ∪ (0,∞)

sech−1x
?
= ln

(
1 +

√
1− x2

x

)
(0, 1] [0,∞)

csch−1x
?
= ln

(
1

x
+

√
1 + x2

|x|

)
(−∞, 0) ∪ (0,∞) (−∞, 0) ∪ (0,∞)
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Example 3. Show that sinh−1 x = ln(x +
√
x2 + 1 )

Solution: Let y = sinh−1 x. Then x = sinh y =
ey − e−y

2
. Hence ey−2x−e−y = 0. Multiply

both sides by ey we get the quadratic equation e2y − 2xey − 1 = 0.

Thus ey =
2x±

√
4x2 + 4

2
= x±

√
x2 + 1.

Since ey > 0 and x−
√
x2 + 1 < 0, then ey = x+

√
x2 + 1.

Therefore y = ln (ey) = ln (x+
√
x2 + 1). Hence sinh−1 x = y = ln(x+

√
x2 + 1 ) �

Derivatives of Inverse Hyperbolic Functions

Let f be differentiable function, then

d

dx

[
sinh−1 (f(x))

]
=

f ′(x)√
1 + [f(x)]2

d

dx

[
coth−1 (f(x))

]
=

f ′(x)
1− [f(x)]2

d

dx

[
cosh−1 (f(x))

]
=

f ′(x)√
[f(x)]2 − 1

d

dx

[
sech−1(f(x))

]
=

−f ′(x)
f(x)

√
1− [f(x)]2

d

dx

[
tanh−1 (f(x))

]
=

f ′(x)
1− [f(x)]2

d

dx

[
csch−1(f(x))

]
=

−f ′(x)
|f(x)|

√
1 + [f(x)]2
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Example 4. Show that
d

dx

(
sinh−1 x

)
=

1√
1 + x2

Solution: Let y = sinh−1 x. Then x = sinh y. Differentiate with respect to x we get 1 =

y′ cosh y. Using the facts that cosh2 y = 1 + sinh2 y and cosh y ≥ 0 we have cosh y =√
1 + sinh2 y =

√
1 + x2.Hence y′ =

1

cosh y
=

1√
1 + x2

�

Example 5. Find y′ if y = tanh−1 (sinx) and y = tanh−1 (
√
x)

Solution:

y = tanh−1 (sinx)

y′ =
1

1− sin2 x
cosx

=
cosx

cos2 x
1− sin2 x = cos2 x

=
1

cosx
= secx

y = tanh−1 (
√
x)

y′ =
1

1− (
√
x)2

1

2
√
x

=
1

2(1− x)
√
x

=
1

2(
√
x− x

√
x)

=
1

2(x1/2 − x3/2)

�
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